Abstract. It is shown that a locally compact group G is amenable if and only if some certain closed ideals of the Figa-Talamanca-Herz algebra A p (G) admit bounded ∆-weak approximate identities. Also, we give some results over some certain function algebras such as LA(G) and C w 0 (G).
Introduction and preliminaries
Let A be a Banach algebra, ∆(A) be the character space of A, that is, the space of all non-zero homomorphisms from A into C and A * be the dual space of A consisting of all bounded linear functionals on A.
Let {e α } be a net in Banach algebra A with ∆(A) = ∅. The net {e α } is called, (1) an approximate identity if, for each a ∈ A, ||ae α − a|| + ||e α a − a|| → 0, (2) a weak approximate identity if, for each a ∈ A, |f (ae α ) − f (a)| + |f (e α a) − f (a)| → 0 for all f ∈ A * , (3) a ∆-weak approximate identity if, for each a ∈ A, |φ(e α a) − φ(a)| → 0 for all φ ∈ ∆(A)· Definition 1.1. Let A be a Banach algebra. A bounded ∆-weak approximate identity for subspace E ⊆ A is a bounded net {e α } in E such that for each a ∈ E, lim α |φ(ae α ) − φ(a)| = 0 (φ ∈ ∆(A))· For simplicity of notation, let b.∆-w.a.i stands for a bounded ∆-weak approximate identity. It was proved that every Banach algebra A which has a bounded weak approximate identity, also has a bounded approximate identity(b.a.i) and conversely [4, Proposition 33.2] .
The notion of a ∆-weak approximate identity introduced and studied in [13] where an example of a Banach algebra which has a ∆-weak approximate identity but does not have an approximate identity, was given. Indeed, if S = Q + is the semigroup of positive rationales under addition, it was shown that the semigroup algebra l 1 (S) has a b.∆-w.a.i, but it does not have any bounded or unbounded approximate identity.
As the second example to see the difference between bounded approximate and bounded ∆-weak approximate identities, let R be the additive real line group and
and define the following norm;
With use of a theorem due to Inoue and Takahashi [15, Theorem 2.1], we can see that S p (R) has a b.∆-w.a.i, but it has no b.a.i. Because we know that S p (R) is a Segal algebra and it is well-known that a Segal algebra S in L 1 (R) has a b.a.i if and only if S = L 1 (R). But it is clear that S p (R) = L 1 (R). These type of approximate identities have some interesting application, for example; see [16, 23, 9] . In the past decades, B. E. Forrest studied the relation between the amenability of a group G and closed ideals of A(G) and A p (G), with a b.a.i; see [5, 6, 7, 8] and the relation between some properties of group G and closed ideals of A(G) with a b.∆-w.a.i; see [9] .
In this paper, we try to give some of the theorems in [5, 6, 8, 11, 16] for ideals with a b.∆-w.a.i. As an application, we give the converse of [8, Corollary 4.2] due to B. Forrest, E. Kaniuth, A. T. Lau and N. Spronk.
Main results
Let G be a locally compact group. For 1 < p < ∞ let A p (G) denotes the subspace of C 0 (G) consisting of functions of the form u =
is called the Figa-Talamanca-Herz algebra and with the pointwise operation and the following norm is a Banach algebra,
It is clear that ||u|| ≤ ||u|| Ap(G) where ||u|| is the uniform norm of u ∈ C 0 (G). By [14, Theorem 3] , we know that
The dual of the Banach algebra A p (G) is the Banach space P M p (G) consisting of all limits of convolution operators associated to bounded measures. Indeed,
Theorem 2.1. (Leptin-Herz) Let G be a locally compact group and 1 < p < ∞.
a.i if and only if G is amenable
The proof of the above theorem in case p = 2 is due to Leptin [19] and in general is due to Herz [14] .
Forrest and Skantharajah in [9] showed that if G is a discrete group, then Proof. Let {e α } be a b.∆-w.a.i for A p (G) and e ∈ A p (G) * * be a w * -cluster point of {e α }. So, for each φ ∈ ∆(A p (G)) = G, we have The following theorem is a key tool in the sequel. Theorem 2.5. Let A be a Banach algebra, I be a closed two-sided ideal of A which has a b.∆-w.a.i and the quotient Banach algebra A/I has a b.l.a.i. Then A has a b.∆-w.a.i.
Proof. Let {e α } be a b.∆-w.a.i for I and {f δ + I} be a b.l.a.i for A/I. Suppose that F = {a 1 , ...a m } is a finite subset of A and n is a positive integer. Let M be an upper bound for {||e α ||}. For λ = (F, n), there exists f δ λ such that
Since {e α } is a b.∆-w.a.i, for each y i with i ∈ {1, 2, 3, ..., m} which satisfy the above relation, there exists e α λ ∈ {e α } such that
Now, for each i ∈ {1, 2, 3, ..., m} we have
is a directed set with (
Now, we show that there exists a b.∆-w.a.i for A. Since {f δ + I} is bounded, there exists a positive integer K with ||f δ + I|| < K for each δ. So, there exists y δ ∈ I such that ||f δ + I|| < ||f δ + y δ || < K. Put f
Let G be a locally compact group, E be a closed non-empty subset of G and 1 < p < ∞. Define
The following result is a better version of [5, Theorem 3.9]. Theorem 2.6. Let G be a locally compact group. Then the following assertions are equivalent.
(1) G is an amenable group. Theorem 2.7. Let G be a locally compact group and 1 < p < ∞. Then the following are equivalent.
(1) G is an amenable group.
(2) I p (H) has a b.∆-w.a.i for some proper closed subgroup H of G.
Proof. Since H is a proper subgroup, there exists x ∈ G \ H. On the other hand, the mapping I p (H) → I p (xH) defined by u → L x u is an isometric isomorphism, because for each t ∈ G and f ∈ A p (G), we have,
Therefore, I p (xH) also has a b.∆-w.a.i which we denote it by (u α ). Let ν ∈ A(H) ∩ C c (H) and K = supp ν. There exists a neighborhood V of K in G such that V ∩ xH = ∅, because K ∩ xH = ∅ and G is a regular topological space.
So, by [3, Proposition 1, pp.34] there exists a u ∈ A p (G) such that u(x) = 1 for each x ∈ K and supp u ⊆ V . By [14, Theorem 1a] , there exists a v ∈ A p (G) such that v |H = ν. Now, put w = vu. Then it is clear that w ∈ I p (xH) and w |H = ν.
For each α, let v α be the restriction of u α to H. Using [14, Theorem 1a], we conclude that (v α ) is a bounded net in A p (H). Now, for each ν ∈ A p (H) ∩ C c (H) and x ∈ H, we have
Hence, by Theorem 2.2, H is amenable.
As an application of the above theorem, we give the following corollary which is the converse of [8, Corollary 4.2].
Corollary 2.8. Let G be a locally compact group, 1 < p < ∞ and H be a proper closed subgroup of G. If I p (H) has a b.a.i, then G is amenable.
Ghahramani and Lau in [11] introduced and studied a new closed ideal of A(G). Indeed, let G be a locally compact group and put
with the norm |||f ||| = ||f || 1 + ||f || A(G) .
They showed that LA(G) with pointwise multiplication is a commutative Banach algebra with ∆(LA(G)) = G and called this algebra, the Lebesgue-Fourier algebra of G.
It was shown that LA(G) has a b.a.i if and only if G is a compact group [11, Proposition 2.6]. Now, we give the following result concerning the b.∆-w.a. identities of this Banach algebra. Theorem 2.9. Let G be a locally compact group.
(1) for each x ∈ G, ker(φ x ) ⊆ LA(G) has a b.∆-w.a.i.
and ( Therefore, thanks to Theorems 2.2 and 2.5, Theorem 2.9 remains true if we replace LA(G) with A r p (G). Remark 2.11. Runde in [21] , by using the canonical operator space structure of L p (G), introduced and studied the algebra OA p (G) for 1 < p < ∞, the operator Figa-Talamanca-Herz algebra. It was shown that A p (G) ⊆ OA p (G) [ That would be an interesting question; Is the preceding results remain true when we replace A p (G) with OA p (G)?
Now, let G be a locally compact group and w : G → R be an upper semicontinuous function such that w(x) ≥ 1 for each x ∈ G. Put Theorem 2.12. Let G be a locally compact group and t ∈ G. Then the following are equivalent.
(1) ker(φ t ) has a b.a.i. (G) is a C * -algebra. So, we obtain an alternative proof for part (4) ⇒ (1) in Theorem 2.12, because it is well-known that each closed ideal in a C * -algebra has a b.a.i. But we think there is a gap here that needs to be filled, because in general C w 0 (G) when w is bounded, is not a C * -algebra.
